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It is argued that  the na r rowness  of the higher  boson resonances ,  R, S, T and U, is incompatible with the 
boots t rap  hypothesis  if these  r e sonances  a re  regarded  as lying on s t ra ight  Regge t r a j ec to r i e s  passing 
through the p and A 2. 

The  p u r p o s e  of t h i s  n o t e  i s  to  po in t  ou t  t h a t  the  
s u p p o s i t i o n  t h a t  t h e  b o s o n  r e s o n a n c e s  d i s c o v e r e d  
by  F o c c a c i  e t  al .  [1] l i e  on two a p p r o x i m a t e l y  
s t r a i g h t  R e g g e  t r a j e c t o r i e s  i s  i n c o m p a t i b l e  w i th  
t he  b o o t s t r a p  h y p o t h e s i s ,  

It h a s  o f t en  b e e n  n o t e d  t h a t  t he  c o n t i n u a t i o n  u p -  
w a r d  of t he  R e g g e  t r a j e c t o r i e s  f o r  a l a r g e  r a n g e  
of e n e r g y ,  and  t he  a p p r o x i m a t e  l i n e a r i t y  of  t h e  
t r a j e c t o r i e s  ( s e e  fig.  1), i s  no t  c o n s i s t e n t  w i th  a 
b o o t s t r a p  m o d e l  b a s e d  on  e l a s t i c  u n i t a r i t y ,  s i n c e  
L e v i n s o n ' s  t h e o r e m  c o n s t r a i n s  t he  t r a j e c t o r i e s  
to  t u r n  o v e r .  H o w e v e r ,  i t  i s  e a s y  to i m a g i n e  t h a t  
a s  we i n c r e a s e  the  e n e r g y  t he  t r a j e c t o r i e s ,  a(s),  
m a y  b e c o m e  s t r o n g l y  c o u p l e d  to t he  new c h a n n e l s  
w h i c h  o p e n  up,  and  so  c o n t i n u e  to r i s e  [e.g.  2]. 
If t h i s  b e h a v i o u r  w e r e  to  con t inue  i n d e f i n i t e l y  so  
t h a t  a(s) ~ s a s  s ~ % t h e n  the  a m p l i t u d e  (~ta(s))  
would  not  be  u n i f o r m l y  p o w e r  b o u n d e d  in t ,  and  
so  the  M a n d e l s t a m  r e p r e s e n t a t i o n  would  no t  hold .  
E v e n  in t h i s  s i t u a t i o n  one  cou ld  hope  t h a t ,  by i n -  
c l u d i n g  on ly  a few low m a s s  c h a n n e l s ,  one  cou ld  
o b t a i n  a r e a s o n a b l e  a p p r o x i m a t i o n  at  l e a s t  f o r  t he  
p h y s i c a l l y  i n t e r e s t i n g  r e g i o n  of a t r a j e c t o r y ,  t h a t  
i s  f o r  s a d j a c e n t  to  z e r o .  

We w i s h  to show t h a t  t he  b e h a v i o u r  of the  w i d t h s  
of r e s o n a n c e s  found  by  F o c c a c i  e t  al .  [1] m a k e s  
s u c h  a hope  u n t e n a b l e .  To t h i s  end  we fo l low 
S p e c t o r  [3] ( t hough  w i t h  a v e r y  d i f f e r e n t  i n t e r -  
p r e a t i o n  of  the  d a t a )  in  u s i n g  the  r e l a t i o n  b e t w e e n  
t h e  t o t a l  w id th  of a r e s o n a n c e ,  F ,  and  I m { a ( s ) }  
w h i c h  i s  g i v e n  by  N e w t o n  [4]; 
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I m a ( s ) R e a ' ( s ) s  -~ 
F = [ R e a , ( s ) ] 2  + [ i m a , ( s ) ] 2  (1) 
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Fig. 1. The boson resonances  in te rpre ted  as lying on 
s t ra ight  Regge t r a j ec to r i e s .  The s t ra ight  l ines a re  

oto(s ) = 0.43 + 0.948 s 
a~2(s  ) = 0.26 + 0.011 s. 

We c o n s i d e r  the  p and  A 2 t r a j e c t o r i e s ,  on w h i c h  
l i e ,  a c c o r d i n g  to t he  h y p o t h e s i s  of s t r a i g h t  R e g g e  
t r a j e c t o r i e s ,  t he  p ,  R and  T ,  and  the  A2,  S and  U 
r e s o n a n c e s ,  r e s p e c t i v e l y ;  s e e  fig. 1. (We do not  
a s s u m e  e x c h a n g e  d e g e n e r a c y .  If we d id  we cou ld  
i n c l u d e  a l l  t h e s e  r e s o n a n c e s  on the  s a m e  t r a j e c t o r y ,  
and  the  a r g u m e n t  wou ld  b e  s o m e w h a t  s t r e n g t h e n e d . )  
F r o m  eq. (2), u s i n g  the  v a l u e s  f o r  the  w i d t h s  g i v e n  
by  R o s e l f f e l d  et  al .  [5], we d e r i v e  t he  v a l u e s  f o r  
h n { a ( s ) }  g i v e n  in f ig.  2. T h e  i m p o r t a n t  po in t  to  
no t e  i s  t h a t  t he  h i g h e r  m a s s  s t a t e s  a r e  v e r y  
n a r r o w ,  so  I m { a }  m u s t  b e  s m a l l  a t  h i g h  e n e r g y .  
T h i s  would  no t  b e  t he  c a s e  if t he  t r a j e c t o r i e s  w e r e  
s t r o n g l y  c o u p l e d  to h i g h e r  t h r e s h o l d  c h a n n e l s .  

We a s s u m e  a c o n v e n t i o n a l  d i s p e r s i o n  r e l a t i o n  
f o r  a ,  w i th  on ly  a r i g h t - h a n d  cut .  On t h i s  u n i t a r i t y  
c o n s t r a i n s  I m { a  } to be  p o s i t i v e .  I t  i s  we l l  known 
t h a t  if  two t r a j e c t o r i e s  c r o s s  t hey  can  a l s o  d e v e l o p  

t he  d e r i v a t i v e s  b e i n g  t a k e n  at  the  v a l u e  of s s u c h  
t h a t  R e { a ( s ) }  i s  e q u a l  to  the  s p i n  of t he  r e s o n a n c e .  
P r o v i d e d  I m a '  i s  no t  g r e a t l y  in e x c e s s  of R e a '  we 
f ind  * 

1 

I m { a ( s ) }  ~ F R e a ' ( s ) s  ~ (2) 

* We ignore at p r e sen t  the b i z a r r e  possibi l i ty  that 
Im or' >>Re or' , which f rom eq. (1) would allow l a r g e r  
values of Im ot for  a given F, but which is apparently 
incompatible with a d ispers ion  re la t ion for  0~. 
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l e f t - h a n d  cu t s .  H o w e v e r ,  t h e s e  c a n  no t  p l a y  an  
i m p o r t a n t  r o l e  in  the  d y n a m i c s  s i n c e  t he  s u m  
of t h e i r  d i s c o n t i n u i t i e s  h a s  to v a n i s h .  I t  would  
s i m p l y  m e a n  t h a t  we s h o u l d  h a v e  to i n c l u d e  b o t h  
t r a j e c t o r i e s  in  o u r  d i s c u s s i o n .  We s h a l l  i g n o r e  
t h i s  p o s s i b i l i t y  f r o m  now on. If  we  a s s u m e  t h a t  
a ( s )  -* a (a = c o n s t a n t )  and  I m  a ~ 0 l i k e  s o m e  
p o w e r  of s a s  s --* oo we c a n  w r i t e  

oo +1 a(s) = a f Im{a(s ')}ds '  (3) 
77 S' - S  ' 

SO 

where So is the threshold. 
A reasonable fit to Im{a(s)} is obtained with 

the parameterization of Ahmadzadeh and Sakmar 
[6] 

I m { a ( s ) }  = c(s - So) ~ (4) 
(s  - d ) 2 +  e2 ' 

w i th  k = 0 .0001 ,  d = 2.0 (GeV)2,  e = 1 (GeV)2 and  
c = 0.31 f o r  t h e  p t r a j e c t o r y  and  0 .145 f o r  the  A2. 
N o t e  t h a t  I m { a ( s ) }  m u s t  be  z e r o  a t  t h r e s h o l d ,  a 
f a c t  no t  u s e d  by  S p e c t o r  [3]. T h e  s l o p e  of t he  
t r a j e c t o r y  i s  no t  v e r y  s e n s i t i v e  to  t h e  c h o i c e  of ;u 
T h e  t r a j e c t o r i e s  o b t a i n e d  f r o m  eq. (3),  w i t h  
a = 0 ,  a r e  s h o w n  in  fig.  2, and  we s e e  t h a t  t he  
c o n t r i b u t i o n  of the  i n t e g r a l  i s  n e g l i g i b l e .  So a l -  
t h o u g h  w i t h  a s u i t a b l e  c h o i c e  of a we c a n  m a k e  a 
t r a j e c t o r y  p a s s  t h r o u g h  any  g i v e n  p o i n t ,  t h e r e  i s  
no hope  of o b t a i n i n g  t he  c o r r e c t  s lope .  

We now c o n s i d e r  wha t  p o s s i b i l i t i e s  e x i s t  f o r  
s o l v i n g  t h i s  d i f f i cu l ty .  F i r s t  we no t e  t h a t  i s  d o e s  
not  h e l p  to  c h a n g e  t h e  f o r m  of I m { a ( s ) }  so  t h a t  
i t  t a i l s  off  s lowly ,  i . e .  l i ke  ~ s  -¢ w h e r e  ¢ i s  
s m a l l  and  p o s i t i v e .  T h i s  wou ld  a l low u s  to  m a k e  
t h e  c o n t r i b u t i o n  of t he  i n t e g r a l  a s  l a r g e  a s  we 
l i k e ,  bu t  t he  c o n t r i b u t i o n  to da/ds f o r  s m a l l  s 
wou ld  s t i l l  b e  n e g l i g i b l e .  
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Fig. 2. The values of Im {a(s)} obtained f rom eq. (2), and 
fitted by eq. (4) for the p and A2 t r a j e c t o r i e s .  The rea l  
par t s  of a (s) a re  obtained f rom eq. (3) with a taken 

a r b i t r a r i l y  to be zero.  

We a p p e a r  to b e  f a c e d  w i th  t h r e e  a l t e r n a t i v e s .  
(a) Eq. (3) f o r  a ( s )  r e q u i r e s  an  a d d i t i o n a l  s u b -  

t r a c t i o n  

a ( s ) - a +  bs + 1~ f ~ ImJa(_ s : )}  d s '  " (5) 

S o 

T h e  a r b i t r a r y  s u b t r a c t i o n  c o n s t a n t ,  b,  i s  r e s p o n -  
s i b l e  f o r  t h e  s l o p e  of t he  t r a j e c t o r i e s  in  t he  low 
e n e r g y  r e g i o n .  T h i s  s e e m s  to u s  a v e r y  u n p a l a t a b l e  
s u g g e s t i o n  a s  i t  i m p l i e s  t h a t ,  u n l i k e  p o t e n t i a l  
s c a t t e r i n g ,  t he  " f o r c e s "  ( the  d o u b l e  s p e c t r a l  f u n c -  
t i o n s )  do not  d e t e r m i n e  t he  i m p o r t a n t  p a r a m e f e r s  
of t he  t r a j e c t o r i e s ,  and  h e n c e  a r e  no t  r e s p o n s i b l e  
f o r  t he  e x i s t e n c e  of t he  p a r t i c l e s  *. T h i s  would  
k i l l  t he  w h o l e  b o o t s t r a p  p h i l o s o p h y ,  w h i c h  d e p e n d s  
on t h e  a s s u m p t i o n  t h a t  t h e  d o u b l e - s p e c t r a l - f u n c -  
t i o n s  d e t e r m i n e  t h e  d y n a m i c s  at  l e a s t  in  t he  low 
e n e r g y  r e g i o n  **. 

(b) The  c u r v e  f o r  I m { a ( s ) }  r i s e s  a g a i n  at  h i g h e r  
e n e r g i e s .  T h i s  would  s e e m  to i m p l y  t h a t  t h e r e  
w a s  s o m e  o t h e r  m a s s  " s c a l e "  in  t he  p r o b l e m .  
T h i s  would  b e  t h e  c a s e  if ,  f o r  e x a m p l e ,  t h e  m e s o n s  
w e r e  m a d e  up of v e r y h e a v y  p a r t i c l e s ,  e .g.  " q u a r k s "  
( t hough  of c o u r s e  t he  SU(3) p r o p e r t i e s  of c o n v e n -  
t i o n a l  q u a r k s  a r e  i r r e l e v a n t  h e r e ) .  I t  i s  t h e n  found  
t h a t  i f  we a s s u m e  t h a t  t he  t r a j e c t o r i e s  a r e  (a t  
l e a s t  to  a good a p p r o x i m a t i o n )  b o u n d  s t a t e s  of 
t h e s e  q u a r k s  (i. e. of a q - ~  p a i r ) ,  t h e n  t he  s t r a i g h t -  
n e s s  of the  t r a j e c t o r i e s  i s  i n e v i t a b l e ,  and indepen- 
dent of any fur ther  assumptions about the q-~ 
potential. To s e e  t h i s  we w r i t e  a d i s p e r s i o n  r e l a -  
t i o n  l ike  eq. (3) 

oo 

s T 

where now the integral begins at ST, the q-~ thres-  
hold, and we are assuming that it converges. 
Since s T is very large, and Ira{a} has to be posi- 
tive, we can approximate the integral by a 5- 
function at s = Sp > s T ff we are only concerned 
with s << s T . Thus 

* Note that  although the discontinuity behaves  as  ta(s) 
for  large  t, the double-spec t ra l - funct ion  behaves as 
t im a(s) and the in tegral  over  the s t r ip  region of the 
double-spec t ra l - func t ion  is insufficient to give the 
requ i red  t r a jec to ry  no ma t t e r  how wide the s t r ip  is 
taken. 

** This p rob lem is not c i rcumvented  by the use of f ini te-  
e n e r g y - s u m  rules  to apply c ross ing  as  in the method 
of Mandels tam [7]. If one at tempted a complete t r e a t -  
ment  of the dynamics  us ing the Cheng and Sharp [8] 
equations then one would again find the necess i ty  of 
inse r t ing  the essen t ia l  proper ty  of the t r a j ec to ry  as 
an a r b i t r a r y  constant .  
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~(s) =~(~) + g Sp-S (s << Sp, Sp > ST) , (7) 

w h i c h  f o r  s m a l l  s c a n  b e  w r i t t e n  

(~(s) = a(oo) + Sp sp - S p ,  Sp (8) 

S i n c e  t he  t r a j e c t o r y  p a s s e s  t h r o u g h  ( say)  t he  p we 
m u s t  h a v e  

1 = a(~o) + g (9) Sp_ ---%2 , 

so  t ha t  

and  h i g h e r  t e r m s  in [8] a r e  n e g l i g i b l e  in  t he  
p h y s i c a l l y  i n t e r e s t i n g  r e g i o n .  

(c) T h e  i n t e r p r e t a t i o n  of the  h i g h e r  m a s s  
b o s o n s  a s  R e g g e  r e c u r r e n c e s  of t he  l o w e r  o n e s  
i s  wrong .  T h i s  s o l u t i o n  wi l l  be  c o n f i r m e d  o r  
r e f u t e d  w h e n  t he  s p i n s  of t he  h i g h e r  b o s o n  r e s -  
o n a n c e s  a r e  d e t e r m i n e d .  We hope  t h i s  no te  wi l l  
add  f u r t h e r  e n c o u r a g e m e n t  to  t h o s e  who a r e  
a t t e m p t i n g  to d e t e r m i n e  t h e s e  s p i n s .  

R, C. J o h n s o n  t h a n k s  t h e  S. R, C. f o r  a r e -  
s e a r c h  s t u d e n t s h i p .  

~(oo) ~ 1 - g / S p  . (1o) 

T h e  s l o p e  of  t h i s  t r a j e c t o r y  at  s = 0 i s  (g/Sp2), 
w h i c h  a c c o r d i n g  to  f ig .  1 i s  abou t  I ( G e V )  -2 ,  so 
eq. (10) g i v e s  

a(¢o) ~ 1 - S p / ( 1  GeV)2 . (11) 

H e n c e  t h e  t r a j e c t o r y  m u s t  p a s s  t h r o u g h  m a n y  
[ ~  S p / ( 1  GeV)  2] n e g a t i v e  i n t e g e r s ,  w h i c h  r e q u i r e s  
t h a t  q ~  p o t e n t i a l  b e  s u c h  t h a t  a l a r g e  n u m b e r  of 
s u p e r c o n v e r g e n c e  r e l a t i o n s  a r e  s a t i s f i e d .  T h e r e  
i s  no o b v i o u s  o b j e c t i o n  to  t h i s  a s  we know t h a t  
s i m i l a r  s u p e r c o n v e r g e n c e  r e l a t i o n s  m u s t  a l s o  
o b t a i n  w h e n  t he  p a r t i c l e s  i n v o l v e d  in t he  s c a t t e r -  
ing  p r o c e s s  h a v e  s p i n  [9], bu t  i t  m e a n s  t h a t  q-ct 
p o t e n t i a l  m u s t  b e  qu i t e  u n l i k e  t h e  s i m p l e  f o r m s  
w h i c h  h a v e  s o m e t i m e s  b e e n  u s e d  in t h e  l i t e r a t u r e ,  
and  w h i c h  f o r c e  a(~o) = - 1. No te  t h a t  t h e  q u a d r a t i c  
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